Theta angle versus CP violation in the leptonic sector 
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Assuming that the axion mechanism of solving the strong CP problem does not exist and the 
vanishing of 6 at tree level is achieved by some model-building means, we study the naturalness 
of having large CP-violating sources in the leptonic sector. We consider the radiative mechanisms 
which transfer a possibly large CP-violating phase in the leptonic sector to the 9 parameter. It is 
found that large 8 cannot be induced in the models with one Higgs doublet as at least three loops 
are required in this case. In the models with two or more Higgs doublets the dominant source of 9 is 
the phases in the scalar potential, induced by CP violation in leptonic sector. Thus, in the MSSM 
framework the imaginary part of the trilinear soft-breaking parameter Ai generates the corrections 
to the theta angle already at one loop. These corrections are large, excluding the possibility of large 
phases, unless the universality in the slepton sector is strongly violated. 



I. INTRODUCTION AND MOTIVATION 

The strong CP problem whose existence was realized 
over twenty years ago JlJ remains a complete mystery. 
The theta term of the QCD Lagrangian breaks P and 
CP invariance, and thus induces a variety of P,T-odd 
observable effects, among which the electric dipole mo- 
ments (EDMs) of the neutron and heavy atoms play a 
prominent role Q . The conflict between strong limits on 
9 resulting from experimental searches of EDMs and nat- 
ural expectations of 9 ~ 1 presents a severe fine-tuning 
problem, usually referred to as the strong CP problem. 
Using the experimental limits on the EDM of the neutron 
H together with the result of a recent QCD sum rule cal- 
culation of d n {9) Q one can place a very stringent limit 
on the theta term, 
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A common and universal solution to the strong CP prob- 
lem may come through a dynamical relaxation mecha- 
nism H which requires the existence of a light pseu- 
doscalar (axion M) in the particle spectrum. Negative re- 
sults from experimental searches of an axion together 
with very restrictive astrophysical B and cosmological 
bounds H on its coupling constant stimulate searches 
for alternative solutions. 

Another possibility is a model-building construction 
where 9 can be naturally chosen to be zero at some high- 
energy scale due to exact parity or CP symmetry JlO|,[ll| . 
In this case however, 9 is not protected against radiative 
corrections at lower scales where parity and/or CP sym- 
metry are spontaneously broken. Thus the theta term is 
extremely sensitive to the presence of additional, other 
than Kobayashi Maskawa, CP-violating sources in the 
hadronic sector. This sensitivity is unique: 9 can re- 
ceive contributions from the CP-violating phases in the 
"heavy" sector of the theory without power-like sup- 
pression, in contrast with other CP-violating operators. 
Thus, in the SUSY variants of these models large soft- 
breaking phases in the squark and gluino sectors are ex- 



cluded, as they penetrate into the low-energy effective 
expression for 9 already at one loop level. Therefore, a 
necessary consequence of these constructions seems to be 
a strong restriction on CP violation, i.e. no CP violation 
other than KM phase. Is this also true for CP viola- 
tion which resides solely in the leptonic sector? In other 
words, how susceptible is 9 to the CP-violation in the 
leptonic sector? 

If the axion mechanism does not exist, the theta term is 
expected to be a dominant source of CP violation at low 
energy as it is the CP-odd operator of lowest dimension. 
What would be a signal of the "^-dominance" among CP- 
violating observables? Both neutron and mercury EDMs 
produce similar bounds on 9 and one should naturally 
expect that 
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Comparing the predictions of ^-dominated EDMs with 
current experimental limits, |j|,[l3|,[l4]] , one can easily see 
that for 9 = 10 -10 , d n and dug are within a factor of 
2-3 from the current experimental figures, whereas dxi is 
smaller by five orders of magnitude than its present limit. 
In other words, 9 = 10~ 10 will produce thallium EDM at 
the level equivalent to dxi , induced by the electron EDM 
d e ~ 4 • 10~ 32 e ■ cm. Thus, it appears that the signal of 
^-dominance could be easily distinguished from the case 
of MSSM with large CP SUSY phases and axion-type 
solution to the strong CP problem. In the latter case dn 
is expected to be much more important than in (^|) and 
competitive with d n and dn g - 

However, if CP violation is initially concentrated in the 
leptonic sector, the "^-signal" (|^) could be different. In 
this case the EDM of the electron and dri could be en- 
hanced relative to and, at the same time, the 9 term, 
induced by a lepton CP-phase via radiative corrections 
would still dominate d n and dn g - 
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The purpose of this note is to study the mechanisms of 
transferring CP violation from the leptonic sector to the 
theta term in the context of different models without an 
axion. Assuming no fine tuning which would compensate 
an induced value of 9, we find a "maximal" amount of 
CP-violation in the lepton sector, which can be consistent 
with the bound (jl]). At the same time, we study possible 
enhancement of d e and dri due to the same sources of CP 
violation and the departure from the ^-dominance signal, 
eq. (§). 

II. NON-SUSY MODELS 

We begin some remarks about the way how the low 
energy value of 9 should be calculated in a generic theory 
with CP-violation. Besides the initial value of 9qcd, 
the relevant low energy parameter 9 receives tree level 
contributions from the phases of the quark masses and 
other SU (3) c -charged fermions. 

= 9 QCD + arg det{M u M d ) + ... (3) 

It is often assumed in the literature, that the radiative 
corrections to 9 are simply contained in the imaginary 
parts of the quark and gluino masses. This is certainly 
true at the tree level, but at the loop level the structure of 
radiative corrections is more complicated. To give a sim- 
plest example, one can consider an effective Lagrangian 
for gluons and quark field q which arises after integrating 
out some unknown CP-violating physics at the scale A: 

C eff = 9(A)^G%G a ^ + q(id^ ~m- ™' 75 )g - 

1 111 

—qG^tV l5 q + ... (4) 

Here 9(A) denotes the theta term, coming from the scale 
A. Let us take for simplicity m 3> Aqcd and m' <C m. 
Then the field q can be also integrated out and the theta 
parameter below the scale m reads as 

9 = 9(A) + — + log(A 2 /™ 2 ). (5) 
m A z 

The second term in this expression is the "usual" cor- 
rection due to the phase of the mass term, whereas the 
third term is generated by the "chromoelectric dipole" 
in (Q). It is usually smaller than the second term due 
to A > m, although not necessarily negligible. For ex- 
ample, the scale of new physics A could be comparable 
to the mass of heaviest fermions (top quark) so that the 
ratio mm" /A 2 is not small, or m' can be simply zero 
from additional symmetry arguments and then the third 
term dominates the expression for 9. The latter is ex- 
actly the case in the minimal SM, where 9 recieves cor- 
rections from "dipole" contributions as it was first shown 
by Khriplovich [|15| . Technically, the corrections to 9 can 



be easily calculated within the external field formalism 
which will automatically account for all contributions. 

In what follows we determine possible mechanisms of 
transmitting CP violation from the leptonic sector into 
the theta term in various possible models Q . As repre- 
sentative examples we take the Standard Model extended 
by right handed neutrino fields, dilepton Zee model [ p7[ , 
multi-Higgs models and the Minimal Supersymmetric 
Standard Model (MSSM) in particular. 

It turns out that the main criterion which governs the 
efficiency of transmitting the CP violation from the lep- 
tonic sector into the theta term is the number of weak 
doublets which give masses to the quark fields. The con- 
tribution of the quark masses into 9 can be separated into 
the contributions of Yukawa couplings and Higgs vevs: 

arg det(M u Md) — arg det(F u ) + arg detY^ + (6) 

3(argv u + argv d ). 

We take the vanishing of this expression due to some sym- 
metry arguments (for example, hermiticity of Yi, reality 
of Wi's) as the starting point for our analysis. 

In the SM and in other models where v u = v*^, the 
contribution from the second line in ^ is identically zero, 
irrespective of the presence of CP-violation. Therefore 
the only way to insert CP-violation into the theta term 
is to "complexify" quark Yukawa couplings and/or create 
quark chromoelectric dipoles. 

Nontrivial corrections to quark Yukawa couplings sen- 
sitive to a CP phase in the leptonic sector must be in- 
duced via Yukawa and SU(2) x U(l) gauge interactions. 
Furthermore, it is clear that in the presence of only one 
Higgs doublet Yukawa interactions alone are not suffi- 
cient to achieve this. In any possible graph, involving 
a quark line and leptons in the loop, it is convenient to 
separate the loop part where actual CP violation takes 
place. Let us suppose now that the particles circulating 
in the loop are heavy (Majorana neutrinos, for example) 
and the lines, connecting the leptonic loop to a quark 
line are "soft". Then it is possible to classify the ef- 
fects of CP-violation in the leptonic sector in terms of 
effective CP-odd operators with dimension 6 and larger: 
WH(B^B„ V )- WH(W a ^Wp; W^W b » a W^e abc , 
etc. One needs at least two loops to attach these op- 
erators to a quark line with no external SU(2) or U(l) 
fields allowed. Together with at least one (leptonic) loop 
needed to generate these operators, three loops is the 
minimal order in which CP violation from the leptonic 
sector penetrates into 9\ 

In practice, the loop level is often higher. In the 
SM with heavy Majorana neutrinos, singlets of the SM 
gauge group, one should have a minimum of four flavour- 
changing vertices on the lepton line. In the weak basis, 
which is more convenient because the momenta flowing 
in the loop are large, of the order of the heavy Majorana 
masses, these can only come from interactions with the 
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Higgs doublet. This adds another loop and indicates that 
the effect may first appear at the four-loop order and a 
typical diagram is shown in Fig. 1. 




somewhat flawed. Indeed, the dimension 2 H^H^eij- 
proportional term enters in the Lagrangian multiplied 
by some mass squared parameter. In the non-SUSY 
framework, at the radiative level, this parameter will be 
sensitive to the square of the cutoff A 2 which by itself 
requires fine-tuning to ensure the stability of the elec- 
troweak scale. Thus, we believe that the question of in- 
duced phases in the soft-breaking sector and 9 cannot 
be solved without a specified framework which ensures 
the stability of the scalar potential. Thus we abandon 
non-SUSY two Higgs doublet models and take the case 
of MSSM where we study in detail the value of 9 versus 
complex soft-breaking terms in the leptonic sector. 



FIG. 1. A typical diagram, which gives a phase to the 
quark Yukawa coupling. The circle is ordinary leptons and 
Majorana neutrinos, wavy lines are gauge bosons of the elec- 
troweak group and dashed lines the Higgs field. Similar dia- 
grams work for the Zee model with the dashed line inside the 
circle being a dilepton. 

This diagram will be further suppressed by at least 
the square of the charged lepton mass as CP violation 
disappears if all charged leptons are massless. A more 
detailed calculation may reveal further suppression fac- 
tors. For our purposes it is sufficient to acknowledge that 
the suppression factor is at least 



< 



V4tt 



1 



2 2 
m r jL 

167T 2 / M 2 cp ' 



(7) 



where M is the relevant high energy scale, at least as 
heavy as My/- No matter how large the CP violating 
combination of mixing angles Jq P in the leptonic sec- 
tor is, the result for 9 is well within the experimental 
bound. Therefore all CP violating phenomena discussed 
in the literature such as CP violation in neutrino oscilla- 
tions, CP violation in the heavy Majorana neutrino de- 
cay, needed for leptogenesis and others are entirely pos- 
sible without causing problems for 9. 

Precisely the same estimates (in this crude approach) 
can be applied to the Zee model to produce similar con- 
clusions, i.e. 9 generated from the CP violation in the 
leptonic sector is small. However, unlike the SM with 
Majorana neutrinos, where the possible electron EDM is 
likely to be very small |l8| , the Zee model can have d e at 
a measurable level Jl6| . 

Another group of models has two or more Higgs dou- 
blets which give masses to quarks via two or more dif- 
ferent v.e.v.s. In this case one should look for the ef- 
fects which introduce phases into the scalar potential. 
Thus the operators H^H^eij, {H\ L H u )H l u H 2 d eij , etc. may 
enter with complex coefficients which then can lead to 
(arg v u + arg v d ) ^ 0. 

In the non-supersymmetric framework a consideration 
of the radiative corrections to the scalar potential are 



III. MSSM WITH COMPLEX SOFT-BREAKING 
PARAMETERS IN THE LEPTON SECTOR 

We concentrate only on the leptonic sector of the 
MSSM superpotential, i.e., 



(8) 



and the soft breaking terms, 



fiBe ab H?H b 2 + h.c 



(9) 



where as usual e, / are the corresponding scalar compo- 
nents of the chiral superfields L,E appeared in eq.(||). 
Let us assume universality of the soft trilinear couplings 
at the GUT scale, A e = A M = A T , and one common 
phase 4>a associated with them. We consider the third 
generation of leptons, i.e., A T where the Yukawa cou- 
plings are large as compared to those of the first and the 
second generation. Then the renormalization group run- 
ning of the imaginary part of the parameter A T , denoted 
as A T , induces an imaginary part of the parameter B, 
denoted as B, at a scale below the GUT scale and their 
RGEs are given by , 
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All the other parameters of the SUSY or the soft SUSY 
breaking sector remain real. The tau lepton Yukawa cou- 
pling has a weak running (especially for small values of 
tan/3). Thus the system of differential equations of jll| ) 
can be solved trivially and gives, 



A T (Q) =A T (M G ) 
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So even if all the parameters at the GUT scale are real 
apart from the leptonic trilinear coupling i.e., A T , then 
this parameter affects the running of the B parameter 
and generates a non-zero B. We can easily see from ( |l3| ) 
that the running of the phase of the parameter B, i.e., 
4>b at a scale Q is given by, 



sin 4>b 



(Q) = 
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4 \B(Q)\ 
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Let us now see what happens at the EW scale i.e., 
Q = M z . It is reasonable to take \A T (M G )\ ~ \B{M Z )\ 
in the MSSM with Radiative Electroweak breaking. This 
assumption of course depends on the choice of the other 
MSSM parameters, M , Mi/ 2 , A and tan/3. We display 
the numerical solutions below. For \Y T \ 2 /4ir ~ 4 x 10~ 5 
and tan j3 — 2 with M GUT = 3 x 10 16 GeV we get, from 
eq.(|l7 



4> B (M Z 
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Now from the minimization conditions of the scalar 
Higgs potential we have, 
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Note 



where . 

also that the parameter fi remains real (if originally is 
real) at every scale because its renormalization is multi- 
plicative. 

The 9 angle is generated if B is complex and given 
by eq. (^). Putting the experimental bound (|l|) of 6 
parameter into eq.(|15|) we get 



4>a{Mq) < 10" 
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an unnatural small number at the GUT scale. We con- 
clude that the phase in the leptonic sector produces large 
additive renormalization of 0-QCD parameter which con- 
stitutes a fine tuning problem unless this phase is tiny, 
of the order of 10~ 6 or smaller. 

Three remarks are in order: i) Even if we assume an 
appropriate phase for the parameter \x at a scale Q which 
cancels the contribution of the 4>b he., 4>/j,(Q) = — 4>b(Q) 
then eventually this pattern will be destroyed by the run- 
ning of (f>B of eq. (|l3|) since </> M does not run, ii) the con- 
straint ( |l7j ) on (pA (M G ) is relaxed if we consider non- 
universality of the soft SUSY breaking trilinear couplings 
at the GUT scale in the case of the electron and muon 
Yukawa couplings, iii) if we start with the (trivial) case 



A = GeV at the GUT scale then there is no contribu- 
tion to the 0-term and no CP-violation in the leptonic 
sector. 

We perform a numerical analysis of the RGEs by also 



taking into account low energy threshold effects 20 1 . We 
present our results in Fig. 0. We see that (j)A ^5 10~ 6 
unless Aq is exactly zero. Small departures from zero 
(see the line with \Aq\ = 1 GeV in Fig.(||) for instance) 
put a strong bound on the phase (f>A- As |^4o| increases 
the bound becomes stronger; as strong as cf>A ^ 10~ 8 for 
\A \ > 300 GeV. This happens because \A \ = |A T (M G )| 
gets much larger than \B(M Z )\ which further enhances 
the value of theta, as seen from eq. (|l4|) . 
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FIG. 2. The extracted value of the #-term as a function of 
the common phase (j>A at the GUT scale of the lepton trilin- 
ear soft SUSY breaking couplings. The other SUSY break- 
ing parameters have been fixed Mo = M1/2 = 200 GeV and 
tan/3 = 10. The shaded region is excluded by the experiment, 
see (|l]). Results on 9 from different values of the modulo 
\A \ = 1, 10, 50, 300, 600 GeV are also indicated. 

Therefore we face two possible choices if we still want 
to keep large CP-violation in the leptonic sector: i) relax 
the universality pattern of the phases at the GUT scale 
(however, even in that case the phases of the t trilinear 
soft breaking coupling must be unnaturally small as we 
prove above) ii) introduce PQ symmetry and the axion 
solution to the strong CP problem. 



IV. CONCLUSIONS 

We have studied the question of naturalness for CP vi- 
olation in the leptonic sector to be large without inducing 
large corrections to 9. This is an important question in 
the context of non-axionic solutions to the strong CP 
problem. We find that the main criterion dividing mod- 
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els into two classes is the number of Higgs doublets giving 
masses to quarks. In the case of one doublet the contribu- 
tion of CP phases from the leptonic sector to 9 is always 
small, being suppressed by at least a three-loop factor so 
that a "maximal" CP violation in the leptonic sector is 
allowed. In some of these models (dilepton model, for 
example), d e can be quite large, enhancing dri with re- 
spect to "^-dominance" signal, eq. (||), usually expected 
when the axion mechanism is absent. 

In the models with several doublets there is an efficient 
way of transmitting CP violation from the leptonic sector 
into 9 via complex parameters in the scalar potential. In 
MSSM without an axion, a large phase of the leptonic 
A;-parameter is excluded on the ground of naturalness, 
unless the lepton universality is broken in a peculiar way 
that only A e (or A^) has the phase. 
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